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ABSTRACT 
H. G. Landau obtained necessary and sufficient conditions that non-negative integers 
r l ,  rz ,..., rn are the row-sums of a tournament matrix. In this paper a new proof  of this 
result is obtained. 
A tournament matrix is a matr ix of zeros and ones such that aK~ = 0 
and if K =/= 2~, aKa = 1 if and only if aa~ = 0. Such matrices are of  interest, 
for example, in the biological sciences. Let ra <~ r2 ~< "'" ~ r ,  be non- 
negative integers. Landau [1] raised the fol lowing question. What  condi- 
tions are necessary and sufficient for the existence of a tournament  matrix 
with row-sums r~, r2 .... , r~? He proved the following result. 
THEOREM. Let rl ~ r2 <~ "'" <~ rn be non-negative integers. The 
following conditions are necessary and sufficient for  the existence of at 
least one tournament matrix with row-sums r l ,  rz ,..., r,~ ". 
1) 
R ,= L ~)  (v= 1 2 , . . . ,n - -  1), (1) 
a=l 2 ' 
n(n-  1) 
R ,  = ra - -  2 (2) 
Ryser [2] gave an indirect proof  of Landau 's  theorem. In a seminar 
at Wake Forest  University, Ryser's proof  was studied. An  attempt was 
made to replace his indirect proof  by a simpler direct proof. Two such 
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proofs were obtained, independently, one by the second author and one 
by the first and third authors. For  brevity we combine these proofs. 
PROOF: It is obvious that the conditions are necessary since each of  
the ('~) games must have a winner, and of the (~) games which v players 
play against each other, each must have a winner. Moreover, these 
players may win some of the other games played by them. 
In order to show that the conditions are sufficient, we shall construct 
one tournament matrix A with the given row-sums. We shall obtain A 
by constructing the last column and the last row of A and by showing 
that we can construct the first principal minor All of order n --  1 as a 
tournament matrix of order n -  1 with certain row-sums which are 
determined by the last column of A. 
We set 
n - -  1 - - r~ ~--s, (3) 
Fv = R~-  (;) (v = 1, 2,..., n). (4) 
It  follows from (1) and (2) that all the F~ are non-negative integers and 
that F~ = 0. We have 
(5) 
F~_ l=n- -  1 - - r~=s.  
Moreover,  
F~_  v = F~_v+ 1 - -  rn_v+ 1 ~-/~/ - -  p /.~ Fn_v+ 1 -~ n - -  . - -  r . .  
Hence for v = 1, 2,..., s, 
Fn_~ >~ F~_  1 + n - -  2 - -  r,~ + n - -  3 - -  r~ -?  ""  + n - -  v - -  r~ >~ F~-a  =S 
(6) 
since, by(3) ,n - -u - - rn~>n- -s - - r ,=  1. 
At first, we assume that s > 0 and v < n. Let Jl be the smallest integer 
such that F, >~ 1 for all v ~> j l ,  let J2 > J~ be the smallest integer such 
that F, >~ 2 for all u ~> J2 ,..., and let j~ > Js-~ be the smallest integer 
such that F, >/s  for all v ~> Js 9 Such integers J l ,  J2 ,-.., J8 must exist 
since, by(6) , j l  ~<n- -s , J~  ~<n- -s+ 1 .... , js  ~<n- -  1. 
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We now construct he n-th column and the n-th row of  A by choosing 
( j~, n) = 1 for 3 ~ 1, 2 ..... s, all other elements of the last column = 0, 
correspondingly the dements  (n, j~) -----0 and (n, n )= 0 and all other 
elements of the last row = 1. I f  s = 0, the last column is the zero vector. 
Using induction we prove that the principal minor An  can be constructed 
! t t as a tournament matr ix of  order n - -  1 with the row-sums r~, r 2 ..... r,_l  
where r~ =r , - -  1 for v=j l , j2 , .  .... j ,  andrs  = r, for all other values 
of v. 
v ! t t t t 
We only have to show that q ,  r 2 .... , r,~_ 1satisfy 0 ~ r~ ~ r 2 ~< ... ~< r,_, 
and condit ions (1) and (2) where 
' i '  ' ' (;) R, ----- ra and F;  = R~-  . 
,~=1 
It follows from our construct ion that the F" are non-negative; hence the 
condit ions (1) hold. Moreover  
2 " 
Hence (2) is satisfied. 
Final ly, if j l  = 2, then F~ =- 0 and F~ ~> 1, hence rl = 0 and r2 >~ 1 
and it follows that rl = 0, rs = r2 - -  1 ~> 0 and r[ ~< rs I f  J~-i and j~ 
are consecutive integers, then r~ = rj - -  1 and r~ = rj - -  1, hence 
! ! v -1  VT1  . V V 
rjv_l ~ rj . I f f i -1  and j~ are not consecutive integers, then F~-_2 >~ v - -  1, 
F j _ I  = v - -  1, and F~- ~ v. Hence 
) 
I t  follows that 
- -  2 = 1 q - j~- -  1 =.L ,  
rjv_l = R j _ l _  R~_2 ~ ( jv- -1 ( f i - -2  
2 ) - -  2 )= J~- -2 .  
t t Hence r~. =r~, - -  1 ~>j , - -1  > j~- -2  >~r j _ l -~r j _ l .  Thecase j l= l  
is trivial. Hence we have that rs ~< r~ ~ "-- ~ r~_ 1 . 
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